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Abstract
In this paper, the λφ4 scalar field effective action, in the one-loop approximation,
is calculated by using the Krein space quantization. We show that the effective ac-
tion is naturally finite and the singularity does not appear in the theory. The
physical interaction mass, the running coupling constant and β-function are then
calculated. The effective potential which is calculated in the Krein space quanti-
zation is different from the usual Hilbert space calculation, however we show that
β-function is the same in the two different methods.
PACS numbers: 04.62.+v, 03.70+k, 11.10.Cd, 98.80.H
1 Introduction
The quantum gravity is one of the most important problem in theoretical physics. The lin-
ear quantum gravity in the background field method is perturbatively non-renormalizable
and also there appear an infrared divergence. This infrared divergence does not man-
ifest itself in the quadratic part of the effective action in the one-loop approximation.
This means that the pathological behavior of the graviton propagator may be gauge de-
pendent and so should not appear in an effective way as a physical quantity [1]. The
infrared divergence which appears in the linear gravity in de Sitter space is the same as
the minimally coupled scalar field in de Sitter space [2, 3]. It is shown that one can not
construct a covariant quantization of the minimally coupled scalar field with only positive
norm states [4]. It has been proved that the use of the two sets of solutions (positive and
∗e-mail: abr412@gmail.com
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negative norms states) is an unavoidable feature if one wants to preserve causality (local-
ity), covariance and elimination of the infrared divergence in quantum field theory for the
minimally coupled scalar field in de Sitter space [5, 6], i.e. Krein space quantization.
The singular behavior of Green function at short relative distances (ultraviolet diver-
gence) or in the large relative distances (infrared divergence) leads to main divergences
in the quantum field theory. It was conjectured that quantum metric fluctuations might
smear out the singularities of Green functions on the light cone, but it does not remove
other ultraviolet divergences [8]. However, it has been shown that quantization in Krein
space removes all ultraviolet divergences of quantum field theory (QFT) except the light
cone singularity [7]. By using the Krein space quantization and the quantum metric fluc-
tuations in the linear approximation, we showed that the infinities in the Green function
are disappeared [8, 9].
Quantization in Krein space instead of Hilbert space has some interesting features.
For example in this method, the vacuum energy becomes zero naturally, so the normal
ordering would not be necessary [5, 7]. The auxiliary negative norm states, which are
used in the Krein space quantization, play the regularization of the theory.
In the present work, using the Krein space method and quantum metric fluctuation
at the linear approximation, we calculate the one loop effective action for scalar field. It
has been shown that this effective action is naturally regularized. This effective action
differs with what previously reported [10], however the β-functions are exactly the same.
The effective mass and coupling constant are also calculated in this method. In this
approximation, we see that this quantization eliminates the singularity in the theory
without changing the β-functions. In the appendix, details of our calculation have been
presented.
2 Scalar Green function
In this section, we review the elementary facts about Krein space quantization. A classical
scalar field φ(x) satisfies the following field equation
(✷+m2)φ(x) = 0 = (ηµν∂µ∂ν +m
2)φ(x), ηµν = diag(1,−1,−1,−1). (2.1)
Inner or Klein-Gordon product and related norm are defined by [11]
(φ1, φ2) = −i
∫
t=const.
φ1(x)
↔
∂ t φ
∗
2(x)d
3x. (2.2)
Two sets of solutions are given by:
up(k, x) =
ei
~k.~x−iwt√
(2π)32w
=
e−ik.x√
(2π)32w
, un(k, x) =
e−i
~k.~x+iwt√
(2π)32w
=
eik.x√
(2π)32w
, (2.3)
2
where w(~k) = k0 = (~k.~k +m2)
1
2 ≥ 0, note that un has the negative norm. In Krein space
the quantum field is defined as follows [7]
φ(x) =
1√
2
[φp(x) + φn(x)], (2.4)
where
φp(x) =
∫
d3~k[a(~k)up(k, x) + a
†(~k)u∗p(k, x)],
φn(x) =
∫
d3~k[b(~k)un(k, x) + b
†(~k)u∗n(k, x)].
a(~k) and b(~k) are two independent operators. The time-ordered product propagator for
this field operator is
iGT (x, x
′) =< 0 | Tφ(x)φ(x′) | 0 >= θ(t− t′)W(x, x′) + θ(t′ − t)W(x′, x). (2.5)
In this case we obtain
GT (x, x
′) =
1
2
[GF (x, x
′) + (GF (x, x
′))∗] = ℜGF (x, x′), (2.6)
where the Feynman Green function is defined by [11]
GF (x, x
′) =
∫
d4p
(2π)4
e−ip.(x−x
′)G˜F (p) =
∫
d4p
(2π)4
e−ip.(x−x
′)
p2 −m2 + iǫ
= − 1
8π
δ(σ0)+
m2
8π
θ(σ0)
J1(
√
2m2σ0)− iN1(
√
2m2σ0)√
2m2σ0
− im
2
4π2
θ(−σ0)K1(
√−2m2σ0)√−2m2σ0
, (2.7)
in which σ0 =
1
2
(x− x′)2. So we have
GT (x, x
′) =
∫
d4p
(2π)4
e−ip.(x−x
′)PP 1
p2 −m2 = −
1
8π
δ(σ0) +
m2
8π
θ(σ0)
J1(
√
2m2σ0)√
2m2σ0
, x 6= x′,
(2.8)
PP stands for the principal parts. Contribution of the coincident point singularity (x =
x′) merely appears in the imaginary part of GF ([6] and equation (9.52) in [11])
GF (x, x) = − 2i
(4π)2
m2
d− 4 +G
finit
F (x, x),
where d is the space-time dimension and GfinitF (x, x) becomes finite as d −→ 4. Note that
the singularity of the Eq. (2.8) takes place only on the cone i.e., x 6= x′, σ0 = 0.
It has been shown that the quantum metric fluctuations remove the singularities of
Green’s functions on the light cone [8]. Therefore, the quantum field theory in Krein space,
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including the quantum metric fluctuation (gµν = ηµν + hµν), removes all the ultraviolet
divergencies of the theory [9, 8], so one can write:
〈GT (x− x′)〉 = − 1
8π
√
π
2〈σ21〉
exp
(
− σ
2
0
2〈σ21〉
)
+
m2
8π
θ(σ0)
J1(
√
2m2σ0)√
2m2σ0
, (2.9)
where 2σ = gµν(x
µ − x′µ)(xν − x′ν). In the case of 2σ0 = ηµν(xµ − x′µ)(xν − x′ν) = 0, due
to the quantum metric fluctuation (hµν), we have 〈σ21〉 6= 0 so we get
〈GT (0)〉 = − 1
8π
√
π
2〈σ21〉
+
m2
8π
1
2
. (2.10)
It should be noted that 〈σ21〉 is related to the density of gravitons [8].
By using the Fourier transformation of Dirac delta function,
− 1
8π
δ(σ0) =
∫
d4p
(2π)4
e−ip.(x−x
′)PP 1
p2
,
or equivalently
1
8π2
1
σ0
= −
∫
d4p
(2π)4
e−ip.(x−x
′)πδ(p2),
for the second part of Green function, we obtain
m2
8π
θ(σ0)
J1(
√
2m2σ0)√
2m2σ0
=
∫
d4p
(2π)4
e−ip.(x−x
′)PP m
2
p2(p2 −m2) . (2.11)
And for the first part we have
− 1
8π
√
π
2〈σ21〉
exp
[
−(x− x
′)4
4〈σ21〉
]
=
∫
d4p
(2π)4
e−ik.(x−x
′)G˜1(p).
Therefore, we obtain
< G˜T (p) >= G˜1(p) + PP m
2
p2(p2 −m2) . (2.12)
In the previous paper, we proved that in the one-loop approximation, the Green function
in Krein space quantization which appears in the transition amplitude is [7]:
< G˜T (p) >|one-loop≡ G˜T (p) |one-loop≡ PP
m2
p2(p2 −m2) . (2.13)
That means in the one loop approximation, the contribution of delta function is negligible.
It is worth to mention that in order to improve the UV behavior in relativistic higher-
derivative correction theories, the propagator (2.13) has been used by some authors [12,
13]. It is also appear in supersymmetry (equation (20.76) in [14]).
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3 Scalar effective potential
The effective action in the one-loop approximation for λφ4 scalar field is defined by [11, 10]
Γ(φ) = I(φ) +
i
2
h¯ T r ln
[
1 + (✷+m2)−1V ′′(φ)
]
+O(h¯2)
= I(φ) +
i
2
h¯ T r ln [1−GFV ′′(φ)] +O(h¯2), (3.14)
where GF is the Feynman Green function and
Tr ln [1−GFV ′′(φ)] =
∫
d4x < x | ln [1−GFV ′′(φ)] | x > .
By using the Fourier transformation, one obtains
Tr ln [1−GFV ′′(φ)] =
∫
d4x
∫
d4p
(2π)4
ln
[
1− V ′′(φ)
(
1
p2 −m2 + iǫ
)]
.
The effective potential is
Veff = V
(0)
eff + h¯V
(1)
eff + h¯
2V
(2)
eff + ...,
where
V
(0)
eff =
m2φ2
2
+
λφ4
4!
,
V
(1)
eff = −
i
2
∫
d4p
(2π)4
ln
[
1− V
′′(φ)
p2 −m2 + iǫ
]
. (3.15)
There are two different types of singularity in the one-loop effective potential [10]
V
(1)
eff =
1
32π2

−m2λφ2
2
Γ(−1) + 1
2
(
λφ2
2
)2
Γ(0)


+
1
64π2


(
λφ2
2
+m2
)2
ln
(
1 +
λφ2
2m2
)
− λφ
2
2
(
m2 +
3λφ2
4
)
 . (3.16)
By using the Green function (2.13), we have
V
(1)
eff =
−i
2
∫
d4p
(2π)4
ln
[
1− V ′′(φ)PP
(
m2
p2(p2 −m2)
)]
, (3.17)
after some calculations (Appendix), we reach the following form for the effective action
in the one loop approximation:
V
(1)
eff = −
m2λφ2
(16π)2
[(
1 +
λφ2
m2
)(
−2 ln(1 + λφ
2
m2
) + ln(1 +
λφ2
2m2
) + ln
λφ2
2m2
+ 2 ln 2
)
5
+ ln(1 +
λφ2
2m2
)− ln λφ
2
2m2
]
− m
2λφ2
64π
[
1 +
√
1 +
2m2
λφ2
− 2
√
1 +
m2
λφ2
]
. (3.18)
So, it is clear that in this method, the effective potential does not contain any divergence.
In other words, in the Krein space method, the effective action is automatically regular-
ized.
Now let’s consider the effective mass and coupling constant. They are defined by
m2eff (µ) =
d2Veff
dφ2
∣∣∣∣∣
φ=µ
,
λeff(µ) =
d4Veff
dφ4
∣∣∣∣∣
φ=µ
.
For our effective potential in µ→ 0, we obtain
m2eff = m
2
(
1− λ
32π
− λ
64π2
ln 2
)
+O(λ2),
where meff and m are measurable quantities, they can be interpreted as the physical
particle interaction mass and the physical free particle mass.
λeff is a coupling constant in the presence of interaction which is finite. It is a function
of a constant µ which is the energy scale of the interaction,
λeff ≡ λµ = λ− λ
2
(8π)2
[
6 ln
µ2
m2
+ 19 + 12 ln 2
]
+O(λ3).
By defining µ = e−t and the running coupling constant λ¯(t, λ), the Beta function is
β =
dλ¯(t, λ)
dt
=
3λ2
16π2
. (3.19)
Our potential is different from previous methods but the interesting point is that in the
one-loop approximation the β function does not change.
4 Conclusion and outlook
We recall that the negative frequency solutions of the field equation will be needed for
quantizing in a correct way like the minimally coupled scalar field in de Sitter space.
Contrary to the Minkowski space, the elimination of de Sitter negative norm in the min-
imally coupled states breaks the de Sitter invariance. Then, for restoring the de Sitter
invariance, one needs to take into account the negative norm states i.e. the Krein space
quantization. It provides a natural tool for eliminating the singularity in the QFT [5].
6
A theory becomes sensible when it can explain the experimental data for physical
quantities and moreover its capacity for predicting the amount of new quantities which
have not been measured yet. Every new observed quantity that is in agreement with what
the theory predicts is a support for the theory.
In Quantum Field Theory, calculation of quantum effects of the physical quantities is
made by the means of the expectation values which are related to the Green’s function.
Since the divergences of Green’s functions usually appear in one of the following formats:
lim
σ→0
1
σ
, ln σ, δ(σ),
so the divergence is automatically involved the calculations. It has been observed that
in the Krein space quantization, by considering metric fluctuations, the divergence of the
Green’s function is removed. Therefore this method of quantization can be regarded as a
new method for regularization, (Krein regularization).
After this regularization, one can proceed renormalization according to the previous
method. This new kind of regularization may be utilized in the calculation of the Lamb-
Shift and Magnetic-Anomaly. If we consider the renormalization point at p2 = m2, we will
exactly obtain the previous reported results for the Lamb-Shift and Magnetic-Anomaly
in the one-loop approximation [15].
In this paper, Krein space quantization has been used to calculate the effective action
for λφ4 theory in Minkowski space-time in the one-loop approximation. It is found that
in this approximation the theory is free of any divergence since the Green function is free
of any divergence in the ultraviolet and infrared limit. Our potential is different from
previous methods but in the one-loop approximation, the β function does not change.
In this approximation and for scalar field, we see that this quantization eliminates the
singularity in the theory without changing the physical content of the theory. As a future
work, one may use this method for considering the quantum gravity in the background
field method. This method may solved the non-renormalizability of quantum gravity in
the background field method.
Acknowledgments: The author would like to thank M. R. Tanhayi.
A Appendix
In this appendix, we explicitly calculate the integral (3.17). We have
V
(1)
eff =
−i
2
∫
d4p
(2π)4
ln
[
1− V ′′(φ)PP
(
m2
p2(p2 −m2)
)]
=
−i
2
∫
d4p
(2π)4
ln
[
1− m
2V ′′(φ)
2
(
1
p2(p2 −m2) + iǫ +
1
p2(p2 −m2)− iǫ
)]
=
7
−i
2
∫
d4p
(2π)4
ln



1− m
2λφ2
4
p2(p2 −m2)− iǫ



1− m
2λφ2
4
p2(p2 −m2) + iǫ

−

 m2λφ24
p2(p2 −m2)


2

 ,
(A.1)
where ǫ2 has been vanished. One can write
−i
2
∫
d4p
(2π)4
ln



1− m
2λφ2
4
p2(p2 −m2)− iǫ



1− m
2λφ2
4
p2(p2 −m2) + iǫ



1− (
m2λφ2
4
p2(p2−m2)
)2
(1−
m2λφ2
4
p2(p2−m2)−iǫ
)(1−
m2λφ2
4
p2(p2−m2)+iǫ
)



 . (A.2)
So we have
−i
2
∫
d4p
(2π)4

ln

1− m
2λφ2
4
p2(p2 −m2)− iǫ

+ −i
2
ln

1− m
2λφ2
4
p2(p2 −m2) + iǫ



+
−i
2
∫
d4p
(2π)4
ln

1−

 (
m2λφ2
4
p2(p2−m2)
)2
(1−
m2λφ2
4
p2(p2−m2)−iǫ
)(1−
m2λφ2
4
p2(p2−m2)+iǫ
)



 . (A.3)
After some calculations we obtain
−i
2
∫
d4p
(2π)4
ln

1− m
2λφ2
4
p2(p2 −m2)− iǫ

+ −i
2
∫
d4k
(2π)4
ln

1− m
2λφ2
4
p2(p2 −m2) + iǫ

+
−i
2
∫
d4p
(2π)4
ln

1−

 m2λφ24
p2(p2 −m2)− m2λφ2
4


2

 . (A.4)
By using Wick rotation (p0 → ik0) , the corresponding Euclidean four-momentum k,
we find that the two first integrals are vanished and the third splits into two integrals
1
2
∫
d4k
(2π)4
ln(1−
m2λφ2
4
k2(k2 +m2)− m2λφ2
4
) +
1
2
∫
d4k
(2π)4
ln(1 +
m2λφ2
4
k2(k2 +m2)− m2λφ2
4
). (A.5)
Now we want to solve these integrals. The first term is:
1
2
∫
d4k
(2π)4
ln(1−
m2λφ2
4
k2(k2 +m2)− m2λφ2
4
) =
1
2
∫
d4k
(2π)4
ln(1−
m2λφ2
4
(k2 + m
2
2
)2 − m4
4
− m2λφ2
4
) =
−1
2
∫
d4k
(2π)4
∫ m2λφ2
4
0
du
(k2 + m
2
2
)2 − m4
4
− m2λφ2
4
− u =
8
−1
2
∫
d4k
(2π)4
∫ m2λφ2
4
0
du
∫ ∞
0
dt exp
[
−t(q2 − m
4
4
− m
2λφ2
4
− u)
]
, (A.6)
where q = k2 + m
2
2
and it is necessary q2 > m
4
4
+ m
2λφ2
2
. So, we see that there is a
cutoff momentum, after doing some straightforward calculations one obtains kc =
√
λφ2
2
or kc < k <∞. We obtain
− 1
32π2
∫ ∞
0
dt

∫ ∞
qc
dq(q − m
2
2
)e−tq
2
∫ m2λφ2
4
0
duetu

 exp
[
t(
m4
4
+
m2λφ2
4
)
]
=
− 1
32π2
∫ ∞
0
dt
(
1
2t
e−tq
2
c − m
2
4
√
π
t
e−tq
2
c
)(
1
t
(e
1
4
tm2λφ2 − 1)
)
exp
[
t(
m4
4
+
m2λφ2
4
)
]
≡ A
The second term in eq. (A.5) is
1
2
∫
d4k
(2π)4
ln(1 +
m2λφ2
4
k2(k2 +m2)− m2λφ2
4
) =
1
2
∫
d4k
(2π)4
ln(1 +
m2λφ2
4
(k2 + m
2
2
)2 − m4
4
− m2λφ2
4
) =
1
2
∫
d4k
(2π)4
∫ m2λφ2
4
0
du
(k2 + m
2
2
)2 − m4
4
− m2λφ2
4
+ u
=
1
2
∫
d4k
(2π)4
∫ m2λφ2
4
0
du
∫ ∞
0
dt exp
[
−t(q2 − m
4
4
− m
2λφ2
4
+ u)
]
(A.7)
1
32π2
∫ ∞
0
dt

∫ ∞
qc
dq(q − m
2
2
)e−tq
2
∫ m2λφ2
4
0
due−tu

 exp
[
t(
m4
4
+
m2λφ2
4
)
]
=
1
32π2
∫ ∞
0
dt
(
1
2t
e−tq
2
c − m
2
4
√
π
t
e−tq
2
c
)(
−1
t
(e−
1
4
tm2λφ2 − 1)
)
exp
[
t(
m4
4
+
m2λφ2
4
)
]
≡ B
By summing A and B we get
A+B = − 1
32π2
∑
n=1
∫ ∞
0
dt
42n(2n)!
t2n−2(m2λφ2)2n exp
[
−tλφ
2
4
(m2 + λφ2)
]
+
m2
64π
3
2
∑
n=1
∫ ∞
0
dt
42n(2n)!
t2n−
3
2 (m2λφ2)2n exp
[
−tλφ
2
4
(m2 + λφ2)
]
. (A.8)
Then for the one loop case we have
V
(1)
eff = −
1
32π2
∑
n=1
∫ ∞
0
dt
42n(2n)!
t2n−2(m2λφ2)2n exp
[
−tλφ
2
4
(m2 + λφ2)
]
+
9
m2
64π
3
2
∑
n=1
∫ ∞
0
dt
42n(2n)!
t2n−
3
2 (m2λφ2)2n exp
[
−tλφ
2
4
(m2 + λφ2)
]
, (A.9)
or
V
(1)
eff = −
1
(16π)2
∑
n=1
m2λφ2
n(2n− 1)
1
(1 + λφ
2
m2
)2n−1
+
m2
64π
3
2
∑
n=1
√
m2λφ2
(2n− 3
2
)!
(2n)!
1
(1 + λφ
2
m2
)2n−
1
2
. (A.10)
And finally we have
V
(1)
eff = −
m2λφ2
(16π)2

(1 + λφ2
m2
)
ln

1− 1
(1 + λφ
2
m2
)2

+ ln

2 + λφ2m2
λφ2
m2



−
m2λφ2
64π
[
1 +
√
1 +
2m2
λφ2
− 2
√
1 +
m2
λφ2
]
, (A.11)
or
V
(1)
eff = −
m2λφ2
(16π)2
[(
1 +
λφ2
m2
)(
−2 ln(1 + λφ
2
m2
) + ln(1 +
λφ2
2m2
) + ln
λφ2
2m2
+ 2 ln 2
)
+ ln(1 +
λφ2
2m2
)− ln λφ
2
2m2
]
− m
2λφ2
64π
[
1 +
√
1 +
2m2
λφ2
− 2
√
1 +
m2
λφ2
]
. (A.12)
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